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AW  APPROACH  TO  THE  THEORY  OP  ERRORS  Hi  SPACE  NAVIGATION 


/Following  is  a  translation  of  an  article  by  V.  A.  Bod- 
ner  and  V.  P.  Seleznev  in  the  Russian-language  periodical 
Izvestiya  Akademii  Nauk  SSSR  —  Energetika  i  Avtpmatjjg, 

(Bulletin  of  the  Academy  of  Sciences  USSR  —  Power  En¬ 
gineering  and  Automation),  No.  2,  Moscow,  I960,  pages 
73-82 J  '  '■■■  . 

Statement  of  the  Problem*  Astronavigation  can  serve  as  one  of 
the  principal  means  for  the  autonomous  determination  of  the.  coordi¬ 
nates  of  the  position  of  a  flying  apparatus  in  flight  in  cosmic  space. 
Individual  problems  of  the  application  of  astronomical  measurements 
in  cosmic  navigation  are  examined  in  Cited  works  1-3 •  ••  It  was  shown 
that  the  use  of  automatic  phototracking  systems  for  tracking  celestial 
bodies  would  permit  sufficiently  accurate  determination  of  positions 
by  means  of  astronomical  measurements  made  on  board  a  flying  apparatus. 
The  accuracy  of  tracking  achieved,  which  was  on  the  order  of  0.1 ‘ -C.:' 
/See  Note7  makes  it  possible  to  determine  the  coordinates  of  the  posi¬ 
tion  with  a  relative  error  of  1:10,000  which  is  fully  adequate  for  in¬ 
terplanetary  flights.  However,  the  speed  of  a  flying  apparatus  calcu¬ 
lated  by  astronomical  measurements  was  obtained  with  inadmissible 
errors.  Therefore,  in  order  to  determine  all  navigation  elements, 
the  astronavigational  system  will  have  to  be  supplemented  by,  for 
example,  an  inertial  system  ^  J  for  determining  tne  speed  of  flight-. 

(Note:  Astronomic  orientator  —  an  astronomic  navigational  system 
providing  the  measurement  of  the  coordinates  of  the  position  of  a 
flying  apparatus.)  .  .  . 

The  errors  in  an  astronavigational  system  are  determined  not 
only  by  errors  in  direction  finding,  but  also  errors  in  the  ephemerides 
of  celestial  bodies,  errors  in  measuring  time,  and  the  geometry  of  the 
method  for  measuring  elements  of  navigation. 

A  generalization  of  possible  methods  for  astronomical  inter¬ 
planetary  navigation  is  given  in  this  paper  and  an  evaluation  of 
errors  in  these  methods  is  presented  here. 

We  shall  call  all  the  bodies  within  the  bounds  of  the  solar 
system  (the  sun,  planets)  celestial  bodies. 

1.  The  Principles  of  Interplanetary  Astronavigation .  The  use 
of  surfaces  of  position,  the  geometrical  places  of  points  of  the  probe,  - 
ble  position  of  a  flying  apparatus,  constitutes  the  basis  of  astro¬ 
nomical  methods  of  interplanetary  navigation.  Three  surfaces  of 
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position  are  required  for  determining  the  coordinates  of  a  flying  ap¬ 
paratus,  The  intersection  of  two  surfaces  gives  a  line  of  position 
and  the  intersection  of  this  line  with  a  third  surface  gives  a  series 
of  points,  one  of  which  corresponds  to  the  position  of  the  flying  ap¬ 
paratus,  The  actual  point  of  the  position  can  be  distinguished  from 
the  fictional  ones  on  the  basis  of  knowledge  ctf  the  approximate  posi¬ 
tion. 

Different  geometrical  relationships  are  used  as  surfaces  of 
position  and  these  relationships  can  be  obtained  by  means  of  astro¬ 
nomical  measurements  on  board  a  flying  apparatus.  With  the  aid  of  a 
phototracking  system,  an  astronomical  orientatcr  makes  it  possible  to 
measure  the  following  angular  astronomical  parameters :  the  direction 
to  the  centers  of  celestial  bodies,  the  angles  between  the  directions 
to  these  centers  and  the  angular  measurements  of  the  diameters  of 
celestial  bodies,  Cn  this  basis  it  is  possible  to  construct  surfaces 
of  equal  diameters  of  celestial  bodies,  equal  angles  between  a  celes¬ 
tial  body  and  a  star,  and  equal  angles  between  celestial  bodies, 

A  surface  of  equal  diameters  is  obtained  by  measuring  the  angu¬ 
lar  dimension  (Figure  la)  of  the  apparent  diameter  of  a  celestial 
body.  The  connection  between  the  measured  angle  8 ,  the  known  diameter 
D,  and  the  distance  H  from  the  celestial  body  to  the  flying  apparatus 
is  given  by  the  equation 

(?  s^e72')2  =  r2  “  (x “  xi>2  +  (y  "  yi^2  +  (z  "  zi)2  Cui) 

where  x,  y,  z,  x^,  y^,  and  z^  are  the  coordinates  of  the  flying  appa¬ 
ratus  and  the  celestial  body  respectively.  If  P  =  const . ,  then  the 
expression  (1,1)  is  the  equation  of  a  spherical  surface. 

A  surface  of  equal  angles  between  a  celestial  body  and  a  star 
is  obtained  by  measuring  the  angle  ^  between  the  direction  to  a  star 
and  the  center  of  the  celestial  body  (Figure  lb).  Inasmuch  as  the 
rays  from  a  star  are  practically  parallel,  the  surface  of  position 
has  the  form  of  a  cone  with  its  vertex  in  the  center  of  the  celestial 
body.  If  f ,  tM  and  8,  ts  are  the  latitude  and  longitude  of  the  fly¬ 
ing  apparatus  and  the  star  respectively  in  a  system  of  polar  coordi¬ 
nates  with  the  origin  in  the  center  of  the  planet,  then  the  equation 
of  the  surface  of  equal  angles  will  be 

cos  o(  =  sin  <p  sin  S  +  cos  ^  cos  S  cos  (ts  “  %)  ) 

The  third  surface  of  position  is  obtained  as  a  result  of  meas¬ 
uring  the  angle  between  the  centers  of  two  celestial  bodies  (Figure 
lc).  The  surface  is  a  toroid  obtained  by  revolving  the  arc  of  a  circle 
about  the  H]_  -  H2  axis  connecting  the  centers  of  the  planets.  The 
equation  of  the  toroid  has  the  form 
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(1.3) 


\d  »  Rj2  +  Rg2  -  2RjR2  cos 

where  R-,  and  R2  are  the  distances  from  the  planet  to  the  flying  appa¬ 
ratus  and  1  is  the  distance  between  the  planets. 

The  three  types  of  surfaces  of  position  examined  here  can  be 
vised  to  set  up  nine  methods  for  astronomical  navigation  in  cosmic 

space o  Some  of  these  methods  will  be  examined  in  more  detail. 

2.  Systematic  Errors  in  Measuring  Navigational  Elements ,  It 
follows  from  equations  TT.TRI37  that  in  order  to  obtain  the  surfaces 
of  position  it  is  essential  to  know  the  dimensions  of  the  celestial 
bodies,  their  ephemerides,  and  the  angular  coordinates  of  stars  in  ad¬ 
dition  to  measuring  the  angles  between  celestial  bodies  and  stars  and 
the  angular  diameters  of  celestial  bodies.  At  the  same  time,  bcrfch  the 
measured  quantities  as  well  as  the  dimensions  of  celestial  bodies, 
their  ephemerides,  the  distances  between  the  bodies,  and  the  angular 
coordinates  of  stars  introduced  in  equations  (1.1) -(1.3)  £re  known, 
with  errors.  We  shall  examine  these  errors  id  more  detail. 

The  absolute  distances  between  celestial  bodies  is  known  with 
an  error  on  the  order  of  10"^  of  the  measured  quantity.  As  a  result, 
the  coordinates  of  the  position  of  the  planets  and  their  angular  co¬ 
ordinates  have  not  been  determined  precisely.  When  measuring  the  di¬ 
rection  to  the  center  of  the  planet,  the  phototracking  system  is  aimed 
at  the  center  of  its  brightness,  the  position  of  which  shifts,  depend¬ 
ing  on  the  phase  of  the  planet.  This  error  grows  as  the  flying  appa¬ 
ratus  approaches  the  celestial  body  on  which  it  is  bearing. 

Taking  angular  measurements  of  the  apparent  diameter  of  a  celes¬ 
tial  body  is  connected  with  errors  ^caused  by  different  illumination  of 
its  surface,  the  effect  of  the  atmosphere  of  the  celestial  body,  de¬ 
parture  from  a  spherical  shape,  and  the  corona  (for  the  sun).  ..or 
example,  if  the  earth  were  used  as  a  navigational  body,  the  error  in 
measuring  its  diameter  might  reach  1/300. 

lb  direction  finding  with  stars,  the  errors  would  occur  as  a 
consequence  of  aberrations  in  the  light  and  the  proper  movement  of 
the  stars.  The  values  of  the  parallax  and  the  proper  movement  of  dif¬ 
ferent  navigational  stars  are  given  in  the  table. 

The  angular  displacement  of  a  ray  9  caused  by  aberration  of 
light  is  determined  by  the  formula 


V 

tg  9  »  g  sin  cp 


(2.1) 


where  1 v  is  the  angle  between  the  direction  of  the  vector  of  the 
velocity  of  flight  V  and  the  direction  to  the  star,  c  is  the  velocity 
of  light.  With  a  flight  velocity  on  the  order  of  100  kilometers  per 
second,  the  angle  9  can  reach  values  of.  1*. 

Selection  of  double  stars  as  navigational  stars  will  give  rise 
bo  error  from  variation  in  the  brightness  of  the  stars  composing  the 
double  star. 
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Star 

Brightness 

(magnitude) 

Parallax 

(micro- 

radians) 

Proper  Motion 
(microradiane 
per  year) 

Sirius 

-1.58 

1.9 

6.6 

Can  opus 

-0.86 

O.Of 

0,11 

c<,  Centaur i 

0,06 

3.8 

18.4 

Vega 

0.14 

0,6 

1.7 

Capella 

0.21 

0,35 

2.2 

Arcturus 

0.24 

0.4 

11.4 

Aigel 

0.34 

0,03 

0.03 

Procyon 

0.48 

1.6 

1.6 

Achernar 

0.60 

0.25 

0.5 

3  Centaur i 

0.86 

0.08 

0,2 

Aitair 

0.89 

1.0 

3.3 

Aetelgeuse 

0.92 

0.08 

0.16 

o{  Crucis 

1.05 

0.07 

0.24 

aldebaran 

1.06 

0,3 

1.0 

Pollux 

1.21 

0.5 

3.1 

Spica 

1,21 

0.07 

0.3 

Antares 

1.22 

0.05 

0.16 

Pomalhaut 

'1.29 

0.7 

1.8 

Deneb 

1»33 

0,03 

0.02 

Segulus  (<H  Leo ) 

1.34 

o.3 

1.22 

pj  Crucis 

1.50 

0.08 

0,27 

.  k  - 


The  finite  speed  ctf  light  is  also  a  cause  for  errors  in  naviga¬ 
tion  since  the  planet  on  which  a  bearing  is  being  taken  will  be  dis¬ 
placed  in  its  orbit  during  the  time  the  light  is  traveling  from  the 
planet  to  the  observer „  Thus,  for  example,  if  a  flying  apparatus  is 
i.1+3  million  kilometers  from  Mars,  the  light  will  cover  this  distance 
in  480  seconds,  but  Mars  will  have  moved  more  than  11,000  kilometers 
in  this  time. 

3.  A  Method  of  Navigation  Based  on  Measuring,  the, Diameters, 
of  Three  Celestial  Bodies.  By  taking  angular  measurements  fii,  fio}  6 3 
of  three  celestial  bodies  H-j_,  Eg,  Ho  with  diameters  D^,  D2,  Do  i->  is 
possible  to  construct  three  spherical  surfaces  of  position.  let  x^, 

VjL,  and  z±  be  the  coordinates  of  the  centers  of  celestial  bodies  and 
x,  y,  and  z  be  the  coordinates  of  a  flying  apparatus  M  (Figure  2). 

From  the  geometrical  construction  of  three  spherical  surfaces  ox  posi¬ 
tion  one  may  determine  two  points  M  and  (Figure  3 )»  0De  which 
corresponds  to  the  actual  position  of  the  flying  apparatus  and  the 
second  is  a  fictitious  position.  With  a  great  distance  between  the 
points  M  and  Mj_  it  is  possible  to  distinguish  the  actual  point  from 
the  fictitious  one  by  the  approximate  value  of  the  position. 

The  selection  of  the  celestial  bodies  should  be  such  that  the 
points  M  and  Mx  will  not  turn  out  to  be  too  dose  to  each  other' during 

the  flight.  .  i  ■ 

The  coordinates  x,  y,  and  z  of  the  flying  apparatus  can  be  de-^ 
termined  analytically  by  solving  the  following  equations  simultaneous../ 

- — gr  »  (x  -  xx)2  +  (y  -  yi)2  +  (z  -  zx)2  «  Hx2 
4  sin2  2~ 

‘ - -  (x  -  x2)2  +  (y  -  y2)2  +  (z  -  z2)2  -  R22  (3.1) 

4  sind  2~ 

2 

- Ve?  “  “  x3)2  +  (y  -  y3>2  +  (z  "  z3)2  “  e32 

4  sin^  2 


A  computer  should  be  on  board  to  solve  these  equations  so  that 
measured  angular  data  of  the  celestial  bodies,  their  diameters  and 
their  ephemerides,  can  be  fed  into  it. 

Let  us  determine  the  errors  fix,-dy,  Az  of  the  astronomical  sys 
tern,  assuming  that  the  quantities  D^,  x^,  y^,  z^  (i  =  1,  2,  3) 

are  introduced  with  errors  ax±y  Ay±>  az^»  From  equations 

(3,1)  we  obtain 


(i  -  1,  2,  3) 


(3 


p  \ 
oC.  / 
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where 


4Ri  /  -  x±  2  Ax  -Axi  y  -  yj.  2  Ay  -  AyjL  z  -  z*  oAz  -Aa* 

ST  ■  Hu — '  “  *  ('eT— >  TPJZ  *  -r~rz 7 


z  -  z. 


(3.3) 


For  small  angles  J3  we  have  (3  %  d/r,  sin  (3  -~  /S,  cos  /3  -as  1, 
therefore 


ARi  ■  -  ~fr  A  (3 


(3.4) 


It  follows  from  this  that  the  error  AR.  grows  proportionally 
•.rith  the  square  of  the  distance  to  the  celestial  body  and  decreases 
when  one  is  finding  the  direction  of  celestial  bodies  of  large  diame¬ 
ters. 

It  is  obvious  that  there  exist  limit  distances  to  the  celestial 
bodies  whose  directions  we  wish  to  find  and  that  these  limits  are  set 
by  the  resolving  capacity  of  the  phototracking  system.  If  A@0  is  the 
mgle  within  whose  limits  any  changes  in  the  apparent  diameter  D  cannot 
be  detected  by  the  phototracking  system,  then  the  limit  distance  from 
the  celestial  body  will  be 


Rlimit 

Thus,  for  example,  when  AfiQ  =  10"3  radians,  the  limit  distance 
from  the  earth  as  a  navigational  celestial  body  is  12.7  million  kilo¬ 
meters  ©  ;  .  '  •'  • 

The  connection  between  the  errors  Ax,  Ay,  <4  z  and  the  initial 
errors  can  be  represented  in  the  form  of  the  matrix  equation 

At(t  -  vf  -  Ar/r  - rf  +  R  AR  (3.6) 

where 


ax  __  Ax^ 

at  =  Ay  Ar  =Ayi 

Ax  Azi 


~  _  X  -  Xi  y  -  y1  z 

/r  -  r/  =  x  -  x2  y  -  y2  z 

x  -  x3  y  -  y3  z 

R1AR1 
R  AR  =  R2  AR2 

r3  ar3 


(3.7) 


let  U3  examine  the  effect  of  the  mutual  arrangement  of  the 
celestial  bodies  on  navigation  errors.  For  this  purpose  we  shall 
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take  a  coordinate  system  with  its  origin  at  the  center  of  mass  of  the 
flying  apparatus  and  the  z-axis  will  point  toward  the  center  of  the 
celestial  bodylTj.  (Figure  b),  -For  the  case  of  flight  in  the  direction 
of  the  z-axis  we  obtain  x  =  y  «  z  *  -P/  x^  =  y^  53  0,  *  Rj. 


x2  =  R2  sino^  cos  u2  y2  »  R2  sin  ^  sin  z2  “  Eg!  cos  ^ 


X3  =  R3  sino<3  cos  u3 


y^  «  R3  sin  0(3  sin  U3 


Z3  =  R3  cos  ^3 


(Rl£Rj  +  dFi)(sin<Kl  CQSX3  sin  U2  -  cos  ^1  sin <K 3  sin  U3) 
Ri  sinoc  j  sino<,3  sin  (U3  -  Ug) 

(R2  ARg  +  AF2 )  sin  u3  (R3AR3  +  AF3)  sin  u2 
R^  sin  sin  (U3  -  u2  )  +  R3  sin  0^3  sin  (U3  -UgT 

(RlARi  +  AFi)(sin  o<,i  cos  o<3  cos  u£  -  cos ^  1  sin ^<3  cos  ug) 
A7  s  *"  R^  sincx-L  sino^  (ujj  -  u2) 


(3.8) 


(R2AR2  +AF2)  COS  U3  (R3AR3  +  AF3 )  COB  U2 

R2  sino<i  sin  (U3  -  Ug)  R,  sin  =*.3  sin  (U3  -  u2 ) 

AFX 

Az  =  ARX  + 


It  follows  from  the  expressions  of  (3.8)  that  as  o(,  4  0,  and 
0K3  0  the  errors  increase  without  bound.  An  analogous  situation  pre¬ 

vails  when  U3  -  u2  ->  0.  Consequently,  angles  and<*2  between  the 
directions  to  the  centers  of  the  celestial  bodies  should  not  be  less 
than  definite  quantities.  The  smallest  errors  are  obtained  when =*<1, 
<*1  ~90  degrees  and  u3  -  ug  =  90  degrees. 

°  A  Method  of  Navigation  Based  on  Ifeasuring  the  Diameters__ef 

Two  Celestial  Bodies  and  the  Direction  to  a  Star.  This  method  con¬ 
sists  of  measuring  the  angles  and  of  the  apparent  diameters  of 
celestial  bodies  and  the  angle  o<  between  the ‘direction  to  the  star 
and  the  center  of  one  of  the  celestial  bodies  (Figure  5).  The  possi¬ 
ble  position  of  the  flying  apparatus  is  obtained  in  the  form  of  two 
points  of  intersection  of  two  spheres  with  radii  Rj_  and  R2  and  a  cone 
with  an  angle  of  2<\  at  the  apex. 

It  is  possible  to  make  use  of  a  coordinate  system  x',  y',  and 
z»  with  its  origin  at  the  center  of  one  of  the  celestial  bodies  and 
one  of  its  axes  pointed  to  the  reference  star  for  the  analytical  de¬ 
termination  of  the  coordinates  of  a  flying  apparatus.  In  this  coordi¬ 
nate  system  the  equations  of  the  surfaces  of  position  will  be 
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2 

*  (x  *  xi)2  +  (y  “  yi)2  +  0?  "  zi)2  53  %2 


4  sin 


,  p  <= 

4  sin^  ? 


(4.1) 


2  2  2 
xc  +  yc  +  zc 


x2  +  y2  »  z2  tg2 


where  x  j,  y-^,  z-^  are  the  coordinates  of  the  center  of  the  celestial 

body  TTn .  ,  _  . . 

Equations  (4«l)  can  be  used  to  obtain  the  dependence  of  the 
errors  of  navigation  Ax,  Ay,  Az  on  the  initial  errors  in  measuring 
the  angles  of  the  apparent  diameters  A/^  and  a^2,  aDSl®  between 

the  star  and  the  celestial  body  Ac*,  the  diameters  and  AD2  and 

the  ephemerides  Ay  it  Az^,  We  shall  find 

{x  -  xx)Ax  +  (y  -  yx)Ay  +  (z  -  z±)Az  *  (4.2) 

x  a  x  +  yAy  +  z  Az  **  a2  x  Ax  +  yAy  -  z  tg2^  A  z  ■  a3 

where 

ai  -  ctg  gi)  Rx2  +  (x  -  xx)AXl  +  (y  -  .yi)4yi  +  ,(*  -  zl^z‘ 

AD2  ^2  02.  „  2  .  2  JfcfiL*-  Ao< 

a2  "  (d2  “  2  ct®  2  ^  **2  al  “  z  cos2=s 

Solving  the  equations  (4.2),  we  obtain 

y  /?2  -  al  +  r  (a3  -  a2)  cos2 ^7  -  yi(a2  sin2  *»<  +  a3  cos2  <*) 

Ax  = - - - - - - —  ' 


xxy  >  yix 


(4.4) 


x  /a x  -  a2  +  ~  (a2  -  a3)  cos2**/  +  xx(a2  sin2  **  +  ag  cos2^) 
t  y  =  ■  ‘  . .  .  .  “  T  xxy  -  yxx 

a2  ”  a3  p 

Az  = - £ - COS^c* 


In  order  to  evaluate  the  effect  of  the  mutual  arrangement  of 
the  celestial  bodies  and  the  star  on  the  errors  of  navigation,  we 
shall  transform  the  expressions  (4.4)  by  introducing  spherical  co¬ 
ordinates  (Figure  6).  After  completing  the  necessary  transformations 
we  shall  obtain 
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Px  _ F2.  . 

^x  “  iin*  sln^i  sin  (u  -  u-J  ;  "  sin  *  sin  °<x  sihTu  -  V 

.  •.■  •■■'/'•■  //;■•■_  '...  -'■■••;  (k.5) 

4Do  4$2  @2  a  ,  \  ,,  ' 

Az  a  (g"*~  -  ctg  2*“  “  ®w 

where  F±  and  F2  are  functions  which  remain  finite  when  ^  -*0,  ^  ->  0, 

xt  follows  from  the  expressions  (4- S )  that  if  the  angles  be¬ 
tween  the  directions  to  the  celestial  bodies  «<,-*-  0,  '■<*■-*  0,  and  u  -  ^i~> 
then  the  errors  4x  and^y  grow  without  bound*  T?he  selection  of  naviga¬ 
tional  celestial  bodies  and  star  should  meet  the  requirement  that  the 
angles.  <><,  «*■,,  and  u  -  ux  should  not  be  less  than  20-30  degrees.  The 
second  restriction  on  the  method  examined  here  is  the  distance  to  the 
celestial  bodies,  which  should  not  exceed  the  limit  values. 

5.  A  Method  of  Navigation  Based  on  Measuring  the.  Diameter jof 
a  Celestial* Body  and  the  Directions  to  Two.  Stars.  The  angles  <*x  and 
-^p'  between  the  directions  to  the  stars  and  S2  and  to  the  center  of 
the  celestial  body  7T,  alBO  the  angle  0  of  the  apparent  diameter  of 
this  body  (Figure  7)  are  measured  in  flight.  As  a  result  of  the  meas¬ 
urements  We  obtain  two  conical  surfaces  of  position  with  a  common 
vertex  in  the  center  of  the  celestial  body  TT  and  a  spherical  surface 
of  position  of  radius  R,  The  lines  of  intersection  of  the  cones  wito 
the  sphere  are  circles  at  whose  intersections  the  two  points  M  and  M! 

are  obtained.  ‘  . 

One  of  these  points  is  the  actual  position  while  the  second  is 

a  fictitious  one.  This  method  is  identical  in  its  geometrical  con¬ 
struction  to  the  well-known  method  of  terrestrial  astronavigation 
based  on  measuring  the  zenith  distances  of  two  stars. 

'  VJe  shall  set  up  a  coordinate  system  at  the, center  of  the  ce¬ 
lestial  body  in  order  to  determine  the  position  analytically  (Fig¬ 
ure  8).  In  accordance  with  the  notation  of  Figure  8,  we  obtain  the 
equations  of  the  surfaces  of  position  from  the  polar  triangles  ZS2m 
and  ZSjM  .  .. 

cos  =  sin  v  sin  Vx  +  cps  v  cos  v^  cos  (u^  -  u) 

cos  <*2  a  sin  v  sin  v2  +  cos  v  cbs  v2  cos  (ug  -  u)  (5®l) 

R  “  2“sTm72 

where  R,  u,  v  are  the  spherical  coordinates  of  the  flying  apparatus 
while  u i,  Uo,  and  v*,  v0  are  the  spherical  coordinates  of  the  stars. 

The  required  coordinates  R,  u,  v  of  the  flying  apparatus  are 
determined  from  the  equations  (5»1)* 
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We  shall  find  the  errors  of  navigation  a R,  av,  a.u  by  express¬ 
ing  them  through  the  errors  of  direction  finding  Ac^,  A\g, tiie 
errors  in  the  coordinates  of  the  stars  Au-^,  au0,  avJ,  av£  and  the 
error  in  the  diameter  ^D,  By  making  use  of  the  equations  (5,1),  we 
find 


JR  -  R  ^  ctg  |) 


(,Mq  +  Av2  cos  qg)  sin  A^  -  (A^  +  Avq  cos  q^')  sin  Ag 
"  s"in  (A2'  '-  AqJ 

(a^  +  Avq_  cos  qq)  cos  Ag  -  (Aa>2  +  Avg  cos  q2)  cos  A-j_ 
cos  v  sin  (A2  -  A^) 


(5.2) 


where  A-j.  and  Ag  are  azimuths  and  qq  and.  q_  are  the  parallactic  angles 
of  the  stars  determined  from  the  equations 


cos  v  sin  v^  -  sin  v  cos  cos  u.,  =  -  cos  A^  sin 


(i  -  1.2)  (5.3) 


.c in  v  cos  -  cos  v  sin  Vj  cos  u^  =  cos  ^  sin  ot^ 

It  follows  from  the  expressions  of  (5.2)  that  when  A^  -  A-^  0 

•;he  error  grows  without  bound.  Consequently,  the  difference  in  the 
azimuths  of  the  stars  should  be  different  from  zero.  Ordinarily  it 
is  sufficient  to  have  Ag  -  A-^  ^  20-30  degrees . 

At  great  distances  from  the  celestial  body  the  angle  fi  is  small, 
therefore,  as  may  be  seen  from  the  first  equation  of  (5.2),  the  error 
.1  becomes  very  large.  For  this  reason  it  is  expedient  to  use  this 
method  in  flights  near  the  celestial  body. 

6.  A  Method  of  Navigation  Based  on  Measuring  the  Angles  Between 
the  Centers  of  Three  Celestial  bodies.  Measuring  the  angles  <x2, 
between  the  directions  to  the  centers  of  three  celestial  bodies 
(Figure  2)  permits  one  to  obtain  three  equations  of  surfaces  of  posi¬ 
tion 

l^g2  =  Rq2  +  Rg^  -  2R^Rg  cos 

lg3  *  ^2  “  2RgR3  cos  ^2  (6.1) 

1^2^  »  R^2  +  R^2  -  2R^R3  cos  <=<3 

where  lj2j  123>  Iqq  are  the  distances  between  the  centers  of  the  ce¬ 
lestial  bodies. 


-  10  - 


The  equations  (6*1)  are  used  to  determine  the  distances  Rg;» 
r  which  are  connected  with  the  coordinates  of  the  flying  apparatus 
by  the  equations  I 

£x  -  Xi)2  +  (y  t  +  (2  .  Zi)2 '«  ra2  (i  -  1,  2,  3)  {6.2) 

where  xi#  y.^,  zi  are  the  coordinates  of  the  centers  of  the  celestial 

g  >  ('  -■ ,  '■  ■  •  •  '\  r .  ■  *  ■ .  - . 

If  j  2Wp>  Ax^a  are  the  errors  in  measuring  the  angles  and 
41-L2*  a123,  Aln  are  the  errors  in  the  distances  between  the  celes¬ 
tial  bodies,  then  we  obtain  from  (6.1) 


(R-L  -  R2  coscx-l)  ^  +  (R2  -  %  cos^J^Rg  «  l^  Al^  -  Bin  *1 

(R2  -  r3  cos  ot2 )  R2  +  (R3  -  R2  coso<2)  AR3  a  123^123  -  R2R3A°<2  sir:^£ 

(Rx  -  R3  cos  <<3)  Rx  +  (R3  "  Rx  coso<3)/1R3  a  13iM3i  -  R1R3A^3  sin?<3 

\  '  /  .  v  :  (6.3) 


From  this  we  find 
*1 

ABi-.X 


^2 

AR2  85  As, 


A  3 

AR3 * s 


(6.4) 


vhere 


R^  -  R2  cos  Rg  ”  Rq  coso^  0 

0  Rg  -  R3  cos«<2  R3  -  Bg  cos  cxg 


(6.5 ) 


R3J  -  R3  cOS«<3 


Rj_  cos 


while  the  determinants  A.,  dg,  A-  are  obtained  from  (6.5)  hy  replacing 
the  corresponding  columns  with  the  right  sides  of  the  equations  (6.3./® 
It  follows  from  the  determinants  of  (6.5 )  that  when  “  °<2 
Xo  =  0  A  =  0  and  the  errors  of  (6.4 )  grow  without  bound.  The  minimum 
values  of  the  errors  are  Obtained  when  <*i  a  °<2  =0<3  “  90  degrees. 

7 ,  A  Comparative  Evaluation  of  the  Methods  of  Astronaviga 
In  addition^  other  methods  based  on  other  combinations  of  the  prey  7 
ouslv  cited  surfaces  of  position  or  on  the  use  of  surfaces  of  posxt^ 
of  a  different  geometrical  form  can  be.  used  in  addition  to  the  methods 

of  astronavigation  set  forth  here.  nf. 

In  all  methods  of  navigation  based  on  finding  the  directions  o. 
celestial  bodies  (planets),  it  is  necessary  to  measure  time  and  xo Jno-> 
the  ephemerides  of  the  planets.  Time  can  be  measured  by  means  of 
cial  clocks  or  by  means  of  finding  the  direction  of  a  fourth  celestial 
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body  with  known  ephemerides.  The  additional  information  obtained  can 
also  be  utilized  to  decrease  the  errors  of  astronavigation  and  to 
eliminate  the  lack  of  uniqueness  in  the  determination  of  position. 

Each  of  these  methods  of  navigation  yields  the  best  results 
under  definite  conditions.  For  long-range  navigation  it  is  expedient 
to  make  use  of  methods  based  on  measuring  the  angles  between  the  cen¬ 
ters  of  three  celestial  bodies  or  two  celestial  bodies  and  a  star. 
Short-range  navigation,  including  landing  a  flying  apparatus  on  the 
surface  of  a  celestial  body  can  be  accomplished  with  the  aid  of  a 
method  based  on  measuring  the  angles  between  the  center  of  the  celes¬ 
tial  body  and  two  stars,  and  the  apparent  diameter  of  this  body.  In¬ 
asmuch  as  the  selection  of  stars  is  very  wide,  the  restrictions  of 
the  method  in  respect  to  the  mutual  arrangement  of  the  stars  and  the 
celestial  body  are  readily  met . 

When  selecting  a  method  of  astronavigation,  one  should  start' 
with  the  requirements  of  minimum  errors  and  simplicity  of  design  of 
the  astro-orientator.  It  should  be  taken  into  consideration  that  the 
design  of  a  phototracking  system  which  finds  the  directions  of  stars 
or  celestial  bodies  in  the  form  of  illuminated  points  is  less  compli¬ 
cated  than  the  design  of  a  system  which  is  to  measure  the  apparent 
diameter  of  a  celestial  body.  From  this  standpoint,  those  methods  of 
navigation  are  preferable  in  which  the  angles  between  the  centers  of 
celestial  bodieB  or  stars  are  measured. 

The  methods  of  astronavigation  do  not  permit  direct  measurement, 
of  flight  velocities,  which  can  be  obtained  only  by  differentiation 
of  the  coordinates.  However,  since  the  information  on  coordinates 
possesses  high-frequency  gaps,  the  flight  velocity  is  obtained  with 
inadmissible  errors.  •  ■>  ;■ 

An  astronavigational  system  should  develop  coordinates  at  the 
time  of  measurement,  which  is  possible  if  the  system  is  completely 
automatic. 

In  order  to  obtain  an  idea  of  the  special  features  of  the  tech¬ 
nical  development,  let  vis  examine  the  structural  diagram  of  a  system 
of  navigation  which  would  realize  the  method  based  on  measuring  the 
apparent  diameter  of  a  celestial  body  and  the  directions  to  two  stars 
(Figure  9).  The  solution  of  equations  (5. 1)  would  take  place  in  this 
layout.  ".  ,■  - 

Telescopes  and  Tg  which  are  mounted  on  a  gyroplatform  and 
which  are  trained  relative  to  the  platform  by  means  of  a  phototrackir 
system  find  the  directions  of  stars  Sj  and  Sg,  The  signals,  which  ar 
proportional  to  the  measured  ang3.es  c<2U  and  ^  are  fed  into  a  .  cosine 
mechanism.  The  obtained  values  of  cos  and  cos^g^  are  compared 
with  the  values  of  cos  °<n  v  and  cos  °<gv,  whicih  are  computed  in  com¬ 
puters  COM^  and  COI&j  on  the  basis  of  information  fed  into  them.  The 
mismatching  signal  obtained  here  is  fed  into  amplifiers  and  and 
the  adjusting  motors  Dy  and  Du  which  produce  the  coordinates  v  and  u. 
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Telescope  To  measures  the  angular  diameter  of  celestial  body  > I 
and  determines  the  direction  to  its  center.  The  angular  diameter  *s 
measured  by  having  telescope  To  scan  in  a  cone,  the  angle  of  which  is 
equal  to  the  apparent  diameter.  The  measured  angle  fin  is  fed  into  a 
sine  mechanism  and  computer  COM3  to  compute  1^.  Computer  COM4  com¬ 
putes  Rk.  The  mismatching  signal  obtained  from  comparing  signals  Ru 
and  Rv  is  fed  into  amplifier  Y,  and  adjusting  motor  %  vhxch  produces 
the  coordinate  R.  The  spherical  coordinates  R,  v,  and  u  can  be  re¬ 
computed  into  rectangular  coordinates  x,  y,  and  z,  for  which  an  addi¬ 
tional  computer  will  be  necessary • 

The  most  important  elements  are  shown  in  the  diagram  presen  ed 
here  (Figure  9).  In  fact,  the  diagram  of  the  astro-orientator  based 
on  the  use  of  equations  (5.1)  is  more  complicated.  Some  important 
connections  are  not  shown  in  the  diagram*  In  particular,  it  is  no  » 
shown  that  the  gyroplatform  which  is  formed  by  a  gyro-inertial  system. 
ba3  to  be  corrected  [XJ  bY  Ceding  external  information  into  the 
3ystem.  Such  external  information  can  he  obtained  from  the  astro¬ 
nomical  navigational  system.  Consequently,  the  astronomical  ana  gyro- 
inertial  systems  should  be  mutually  connected.  Under  these  circum¬ 
stances,  an  astroinertial  system  will  be  formed  which  will  possess 
the  favorable  properties  of  a  gyro-inertial  system  (large  memory  an 
determination  of  velocities  with  sufficient  accuracy)  and  those  of  an 
astronomical  system  (precise  determination  of  coordinates). 

Submitted  2k  September  195? 
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